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LINEAR DIFFERENTIAL EQUATIONS WITH SOLUTIONS IN
WEIGHTED FOCK SPACES
GUANGMING HU AND JUHA-MATTI HUUSKO∗
Abstract. This research is concerned with the nonhomogeneous linear com-
plex differential equation
f (k) +Ak−1f
(k−1) + · · ·+A1f
′ +A0f = Ak
in the complex plane. In the higher order case, the mutual relations between
coefficients and solutions in weighted Fock spaces are discussed, respectively.
In particular, sufficient conditions for the solutions of the second order case
f ′′ +Af = 0
to be in some weighted Fock space are given by Bergman reproducing kernel
and coefficient A.
1. Introduction and main results
The growth of solutions of the complex linear differential equation
f (k) + Ak−1f
(k−1) + · · ·+ A1f
′ + A0f = Ak (1)
has drawn wide attention. Abundant results about the growth of fast growing
solutions of (1) have been obtained by Nevanlinna theory [3, 6, 7, 8, 10, 17, 25].
However, some other methods are needed in dealing with slow growth analytic
solutions [18, 20, 22, 24, 29, 30]. There are some useful and powerful techniques,
for instance, Herold’s comparison theorem [19], Gronwall’s lemma [22], Picard’s
successive approximations [10, 14] and some methods based on Carleson measures
[21, 27, 28, 29].
In [20], J. Heittokangas, R. Korhonen, and J. Ra¨ttya¨ found that if the coeffi-
cients Aj(z) (j = 0, · · · , k−1) of the homogeneous equation (1) belong to certain
weighted Bergman or Hardy spaces, then all solutions are finite order of growth.
Conversely, if all solutions of the homogeneous equation (1) are finite order of
growth, the coefficients Aj (j = 0, · · · , k− 1) belong to weighted Bergman space.
In [19], authors gave the growth estimates of solutions of (1).
Motivated by the research in [19] and [20], we study similar problems in
weighted Fock spaces. These spaces have a long history in mathematics and math-
ematical physics. They have been given a wide variety of appellations, including
many combinations and permutations of the names Fock, Bargmann, Segal and
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Fischer (see [4, 5, 12, 13]). The classical Fock space (see [1, 2, 31]) is a subspace of
a special Lebesgue measurable space. Let Lpg be the space of Lebesgue measurable
functions f on the complex plane C such that the function f(z)e−
1
2
|z|2 belongs to
Lp(C, dm(z)), for some p ∈ [1,∞]. The norm of f in the space Lpg is defined by
‖f‖pp :=
∫
C
|f(z)e−
1
2
|z|2|pdm(z),
for p ∈ [1,∞), and
‖f‖∞ := sup
z∈C
|f(z)|e−
1
2
|z|2,
for p = ∞, where dm(z) = dxdy denotes the Lebesgue measure in C. The Fock
space F p consists of entire functions in Lpg. In particular, the space F
2 is a closed
subspace of the Hilbert space L2g with the inner product
〈f, g〉 :=
1
pi
∫
C
f(z)g(z)e−|z|
2
dm(z).
Recently, a new function space called Fock-Sobolev space attracted the attention
of many scholars and was first put forward by Hong Rae Cho and Kehe Zhu in
[9]. Fock-Sobolev space F p,m consists of entire functions f on C such that
‖f‖F p,m :=
∑
α≤m
‖f (α)(z)‖p <∞,
where ‖·‖p is the norm in F
p, m is a positive integer, and p ∈ [1,∞]. By Theorem
A in [9], we obtain that f ∈ F p,m if and only if zmf(z) is in F p. Namely, there is
a positive constant C such that
C−1‖zmf(z)‖p ≤
∑
α≤m
‖f (α)(z)‖p ≤ C‖z
mf(z)‖p.
Moreover, the weighted Fock space [11] is defined as follows. Let φ : [0,∞)→ R+
be a twice continuously differentiable function and extend φ to the complex plane
C setting φ(z) = φ(|z|), for z ∈ C. We set the norms of the weighted Fock spaces
‖f‖p
F
p
φ
:=
∫
C
|f(z)|pe−pφ(z)dm(z),
for p ∈ [1,∞), and
‖f‖F∞
φ
:= sup
z∈C
|f(z)|e−φ(z),
for p =∞. This definition gives the classical Fock space, when φ(z) = |z|2/2, and
the Fock-Sobolev space, when φ(z) = |z|2/2−m log |z|.
For the remainder of this paper, we restrict the weight φ to be a so-called
rapidly increasing function. Namely, let φ : [0,∞) → R+ be twice continuously
differentiable such that its Laplacian satisfies ∆φ(|z|) > 0. Then there exists a
LDES WITH SOLUTIONS IN WEIGHTED FOCK SPACES 3
positive differentiable function τ : C → R+, with τ(|z|) = τ(z), and a constant
C ∈ (0,∞) such that τ(z) = C, for 0 ≤ |z| < 1, and
C−1(∆φ(|z|))−
1
2 ≤ τ(z) ≤ C(∆φ(|z|))−
1
2 , |z| ≥ 1.
We have τ(z) → 0 as |z| → ∞ and limr→∞ τ
′(r) = 0. Furthermore, suppose that
either there exists a constant C > 0 such that τ(r)rC increases for large r or
lim
r→∞
τ ′(r) log
1
τ(r)
= 0.
Denote by I the class of rapidly increasing functions φ satisfying the above men-
tioned conditions. The class I includes the power functions φ(r) = rα with α > 2
and exponential type functions such that φ(r) = eβr, β > 0 or φ(r) = ee
r
.
Denote the point evaluations by Lζ(f) = f(ζ), for f ∈ F
2
φ and ζ ∈ C. In [11],
it is proved that the point evaluations Lζ are bounded linear functionals in F
2
φ . It
follows that, there exists a reproducing kernelKζ ∈ F
2
φ , with ‖Kζ‖F 2φ = ‖Lζ‖F 2φ→C,
such that
f(ζ) = Lζ(f(z)) =
∫
C
f(z)Kζ(z)e
−2φ(z)dm(z),
for φ in the class I. Moreover, if {en} is an orthonormal basis of F
2
φ , for example,
en(z) = z
nδ−1n , n ∈ N,
where δ2n = 2pi
∫∞
0
r2n+1e−2φ(r)dr, then
Kζ(z) = Σ
∞
n=0〈Kζ , en〉en(ζ) = Σ
∞
n=0en(ζ)en(z).
By using similar idea with weighted Fock space, Fock-Sobolev weighted space
is defined as follows. Let φ : [0,∞) → R+ be a twice continuously differentiable
function and extend φ to the complex plane C setting φ(z) = φ(|z|), for z ∈ C.
We set the norms of the weighted Fock-Sobolev spaces
‖f‖F p,q
φ
:=
(∫
C
|f(z)|pe−pφ(z)φq(z)d(z)
) 1
p
,
for p ∈ [1,∞) and q ∈ R. The weighted Fock-Sobolev space is the weighted Fock
space, when q = 0.
Motivated by the result of [23], we can obtain the following two theorems.
Theorem 1.1. Suppose that Aj(z) are entire functions, j = 1, · · · , k. If
C
k−1∑
i=0
Di sup
z∈C
{
|Ai(z)|
(1 + |z|)k−i
}
< 1
and the kth order primitive function ϕk(z) of Ak(z) belongs to F
p, where C and
Di only depend on p, k. Then all solutions of (1) belong to F
p.
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Theorem 1.2. Suppose that Aj(z) are entire functions, j = 1, · · · , k. If
k∑
i=0
Ci
( k−1∑
j=0
sup
z∈C
{
|Aj |
(1 + |z|)k−i−j
}
Ej
)
< 1
and the kth order primitive function ϕk(z) of Ak(z) belongs to F
p,k, where Ei and
Gj only depend on p, k. Then all solutions of (1) belong to F
p,k.
Note that, unfortunately, the assumptions in Theorem 1.1 force the coeffi-
cients Aj to be polynomials such that deg(Aj) ≤ k − j. Moreover, note that
the assumption in Theorem 1.2 forces the coefficients Aj to be polynomials and
satisfy
deg(Aj) ≤ k − i− j, 0 ≤ i ≤ k.
Hence, A1, . . . , Ak−1 ≡ 0 and A0 ∈ C.
Next, we obtain the following theorem by the study of [19].
Theorem 1.3. Suppose that Ak(z) is not a constant function and there exists a
nonconstant function among Aj, j = 0, · · · , k−1. If φ is in the class I and there
exists a sufficiently large r0 such that
|Aj(re
iθ)| ≤
φ
1
2 (r)
r
for r > r0. Then all solutions of (1) belong to F
p,q
φ .
Next, we give sufficient conditions for some coefficients to be in some weighted
Fock space.
Theorem 1.4. Suppose that Aj(z) are constant function, j = 0, · · · , k − 1. If
there exists a solution of (1) belonging to F p,k. Then the coefficient Ak(z) of (1)
belongs to F p.
Theorem 1.5. Let φ be in the class I and moreover φ(r) = er. Suppose that
Aj(z) belongs to F
p
1
2
er
, j = 1, · · · , k− 1. If there exists a solution of (1) such that
lim sup
r→∞
|f(reiθ)|
eer
< 1
and
Ak(re
iθ)
f(reiθ)
∈ F p,qer .
Then A0(z) ∈ F
p,q
er .
Motivated by the study of [15] and [11], we consider that sufficient conditions
for the solutions of the second order case
f ′′ + Af = 0 (2)
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to be in some weighted Fock space are given by Bergman reproducing kernel and
coefficient A.
Theorem 1.6. Let φ be in the class I, and let |
( ∫ z
0
A(ζ)dζ
)
|e−φ(z) be bounded in
z ∈ C. Suppose that
XK(A) = sup
z∈C
∣∣∣∣
∫
C
(∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−φ(η)dm(η)
∣∣∣∣e−φ(z) < 1.
Then the derivative f ′ of each solution f of (1) belongs to F∞φ .
Theorem 1.7. Let φ be in the class I, and let |
∫ z
0
A(ζ)dζ |e−
1
2
|z|2 be bounded in
z ∈ C. Suppose that
YK(A) = sup
z∈C
∣∣∣∣
∫
C
(∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−2φ(η)+
1
2
|η|2dm(η)
∣∣∣∣e− 12 |z|2 < 1.
Then the derivative f ′ of each solutions f of (1) belongs to F∞.
Theorem 1.8. Let φ be in the class I satisfied with Lemma 2.8. Suppose that
ZK(A) = sup
η∈C
∣∣∣∣
∫
C
(∫ z
0
Kζ(η)A(ζ)dζ
)
e−2φ(|z|)
(1 + φ′(|z|))2
dm(z)
∣∣∣∣ < 1.
Then all solutions f of (1) belong to F 2φ .
2. Preliminary Lemmas
Lemma 2.1. [26] Suppose that Aj(z) are entire functions, j = 0, · · · , k. Then
all solutions of (1) are entire functions.
Lemma 2.2. [23] Suppose that 0 < p <∞ and m is a positive integer. Then for
any entire function f(z),
C−1‖f‖p ≤
∑
α≤m−1
|f (α)(0)|+
(∫
C
|f (m)(z)
1
(1 + |z|)m
e−
1
2
|z|2|pdm(z)
) 1
p
≤ C‖f‖p,
where C only depends on p,m.
Lemma 2.3. [19] Suppose that f(z) is a solution of (1) in the disk ∆R = {z ∈
C : |z| < R}, where 0 < R ≤ ∞. Let 0 ≤ kc ≤ k be the number of nonzero
coefficients Aj(z) (j = 0, · · · , k − 1). Let R0 be a positive real number such that
there exists some Aj(R0e
iθ) 6= 0. Then for all R0 < r < R, there exists
|f(reiθ)| ≤ C
(
max
0≤x≤r
|Ak(xe
iθ)|+ 1
)
exp
∫ r
0
(
δ + kc max
0≤j≤k−1
|Aj(se
iθ)|
1
k−j
)
ds,
where C is some positive constant depending on the values of the derivatives of f
and the values of Aj at R0e
iθ, j = 0, · · · , k. Here
δ =
{
0, if Ak ≡ 0,
1, otherwise.
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Lemma 2.4. [16] Suppose that f is a transcendental meromorphic function and
α is a positive constant. Then there exist a set W ⊂ [0, 2pi] of linear measure zero,
a constant C > 0 of depending only on α and a constant r0 = r0(θ) > 1 such that∣∣∣∣f (m)(reiθ)f(reiθ)
∣∣∣∣ ≤ C
(
T (αr, f)
logα r
r
log T (αr, f)
)m
, m ∈ N,
where r > r0 and θ ∈ [0, 2pi)\W .
Lemma 2.5. Suppose that φ is in the class I and f(z) is an entire function.
Then for any R > 0, there is a constant C > 0 such that∫
C
|f(z)|pe−pφ(z)φq(z)dm(z) ≤ C
∫
|z|≥R
|f(z)|pe−pφ(z)φq(z)dm(z).
Proof.∫
R≤|z|≤R+1
|f(z)|pe−pφ(z)φq(z)dm(z) =
∫ R+1
R
∫ 2pi
0
|f(reiθ)|pe−pφ(r)φq(r)rdrdθ
≥ min
R≤r≤R+1
e−pφ(r)φq(r)r
∫ R+1
R
∫ 2pi
0
|f p(reiθ)|dθdr.
Since f p(z) is an entire function, |f p(z)| is a subharmonic function. If∫ 2pi
0
|f p(reiθ)|dθ = 0,
then f(z) ≡ 0 and the inequality holds. If
∫ 2pi
0
|f p(reiθ)|dθ > 0, then there exists
C1 > 0 such that∫
|z|≤R
|f(z)|pe−pφ(z)φq(z)dm(z) ≤ C1
∫
R≤|z|≤R+1
|f(z)|pe−pφ(z)φq(z)dm(z).
Therefore,∫
C
|f(z)|pe−pφ(z)φq(z)dm(z) ≤ C
∫
|z|≥R
|f(z)|pe−pφ(z)φq(z)dm(z),
where C = C1 + 1. 
Lemma 2.6. Suppose that φ is in the class I. Then
lim
r→∞
φ(r)
r2
=∞.
Proof. By L’Hospital’s rule, we obtain
lim
r→∞
φ(r)
r2
= lim
r→∞
φ′(r)
2r
= lim
r→∞
rφ′(r)
2r2
= lim
r→∞
(rφ′(r))′
4r
=
1
4
(φ′′(r) +
φ′(r)
r
) =
1
4
∆φ(r).
Since C−1(∆φ(|z|))−
1
2 ≤ τ(z) and τ(z) decreases to 0 as |z| → ∞. Then
lim
r→∞
φ(r)
r2
=∞.

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Lemma 2.7. [11] Suppose that φ is in the class I and f, g ∈ F 2φ . Then
〈f, g〉 = f(0)g(0) +
∫
C
f ′(z)g′(z)(1 + φ′(z))−2e−2φ(z)dm(z).
Lemma 2.8. [11] Suppose that φ is in the class I and there exists r0 > 0 such
that φ′(r) 6= 0 for r > r0. Moreover, assume that φ satisfies
lim
r→∞
re−pφ(r)
φ′(r)
= 0,
and
−∞ < lim inf
r→∞
1
r
(
r
φ′(r)
)′
≤ lim sup
r→∞
1
r
(
r
φ′(r)
)′
< p,
where p ≥ 1. Then for any entire function f(z),
C−1‖f‖p
F
p
φ
≤ |f(0)|p +
∫
C
|f ′(z)|
e−pφ(|z|)
(1 + φ′(|z|))p
dm(z) ≤ C‖f‖p
F
p
φ
,
where C only depends on p.
3. Proof of Theorems 1.1 and Theorems 1.2
Proof of Theorem 1.1. Suppose that f is a solution of (1), then f(z) is an
entire function by Lemma 2.1. By Lemma 2.2,
‖f‖p ≤ C
( ∑
α≤k−1
|f (α)(0)|+
(∫
C
∣∣∣∣f (k)(z) 1(1 + |z|)k e− 12 |z|2
∣∣∣∣
p
dm(z)
) 1
p
)
= C1 + C
(∫
C
∣∣∣∣f (k)(z) 1(1 + |z|)k e− 12 |z|2
∣∣∣∣
p
dm(z)
) 1
p
,
where C1 = C
∑
α≤k−1 |f
(α)(0)|. Using (1) and Minkowski inequality,
‖f‖p ≤ C1 + C
(∫
C
∣∣∣∣
( k−1∑
i=0
Ai(z)f
(i)(z)−Ak(z)
)
e−
1
2
|z|2
(1 + |z|)k
∣∣∣∣
p
dm(z)
) 1
p
≤ C1 + C

k−1∑
i=0
(∫
C
∣∣∣∣Ai(z)f (i)(z) e−
1
2
|z|2
(1 + |z|)k
∣∣∣∣
p
dm(z)
) 1
p


+
(∫
C
∣∣∣∣∣Ak(z)e
− 1
2
|z|2
(1 + |z|)k
∣∣∣∣∣
p
dm(z)
) 1
p
,
≤ C1 + C
( k−1∑
i=0
sup
z∈C
{
|Ai(z)|
(1 + |z|)k−i
}(∫
C
∣∣∣∣f (i)(z) e−
1
2
|z|2
(1 + |z|)i
∣∣∣∣
p
dm(z)
) 1
p
+ (
∫
C
∣∣∣∣Ak(z)e−
1
2
|z|2
(1 + |z|)k
∣∣∣∣
p
dm(z))
1
p
)
.
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Using Lemma 2.2 again,
‖f(z)‖p ≤ C1 + C
( k−1∑
i=0
sup
z∈C
{
|Ai|
(1 + |z|)k−i
}Di‖f‖p +Dk‖ϕk‖p
)
,
where ϕk(z) is the kth primitive function of Ak(z). Therefore
‖f‖p
(
1− C
(
k−1∑
i=0
sup
z∈C
{
|Ai|
(1 + |z|)k−i
}
Di
))
≤ C1 +Dk‖ϕk‖p
If ‖f‖p =∞, it contradicts the condition of Theorem 1.1. Therefore,
‖f(z)‖p ≤
C1 + CDk‖ϕk‖p
1− C
∑k−1
i=0 Di supz∈C{
|Ai|
(1+|z|)k−i
}
< +∞
and f ∈ F p. 
Proof of Theorem 1.2. Suppose that f(z) is a solution of (1), then f(z) is an
entire function by Lemma 2.1. Using Lemma 2.2, (1) and Minkowski inequality,
‖f(z)‖F p,k ≤
k∑
i=0
Ci
( k−1∑
α=i
|f (α)(0)|+ (
∫
C
|f (k)(z)
1
(1 + |z|)k−i
e−
1
2
|z|2|pdm(z))
1
p
)
= D1 +
k∑
i=0
Ci
(∫
C
|(Ak−1f
(k−1) + · · ·+ A0(z)f − Ak)
e−
1
2
|z|2
(1 + |z|)k−i
|pdm(z)
) 1
p
≤ D1 +
k∑
i=0
Ci
( k−1∑
j=0
∫
C
|Ajf
(j) e
− 1
2
|z|2
(1 + |z|)k−i
|pdm(z)
) 1
p
+
k∑
i=0
Ci
(∫
C
|
Ake
− 1
2
|z|2
(1 + |z|)k−i
|pdm(z)
) 1
p
≤ D1 +
k∑
i=0
Ci
k−1∑
j=0
sup
z∈C
{
|Aj |
(1 + |z|)k−i−j
}(∫
C
|f (j)
e−
1
2
|z|2
(1 + |z|)j
|pdm(z)
) 1
p
+
k∑
i=0
Ci
(∫
C
∣∣∣∣ Ake−
1
2
|z|2
(1 + |z|)k−i
∣∣∣∣
p
dm(z)
) 1
p
,
where D1 =
∑k
i=0Ci
∑k−1
α=i |f
(α)(0)|. Using Lemma 2.2 again,
‖f(z)‖F p,k ≤ D1 +
k∑
i=0
Ci
k−1∑
j=0
sup
z∈C
Ej
{
|Aj |
(1 + |z|)k−i−j
}
‖f‖p +
k∑
i=0
CiFi‖ϕ
(i)
k ‖p
≤ D1 +
k∑
i=0
Ci
( k−1∑
j=0
Ej sup
z∈C
{
|Aj|
(1 + |z|)k−i−j
})
‖f‖F p,k +
k∑
i=0
CiFi‖ϕ
(i)
k ‖p
≤ D1 +
k∑
i=0
Ci
( k−1∑
j=0
sup
z∈C
Ej
{
|Aj|
(1 + |z|)k−i−j
})
‖f‖F p,k +G‖ϕk‖F p,k
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where G = max0≤i≤k{CiFi}.So
‖f(z)‖F p,k
(
1−
k∑
i=0
Ci
( k−1∑
j=0
sup
z∈C
Ej
{
|Aj|
(1 + |z|)k−i−j
}))
≤ D1 +G‖ϕk‖F p,k .
If ‖f‖F p,k =∞, it contradicts the condition of Theorem 1.2. Therefore,
‖f(z)‖F p,k ≤
D1 +G‖ϕk‖F p,k
1−
∑k
i=0Ci
(∑k−1
j=0 Ej supz∈C{
|Aj |
(1+|z|)k−i−j
}
) < +∞
and f ∈ F p,k. 
4. Proof of Theorem 1.3
Proof of Theorem 1.3. If f(z) is a solution of (1), from Lemma 2.3,
|f(reiθ)| ≤ C( max
0≤x≤r
|Ak(xe
iθ)|+ 1) exp
∫ r
0
(δ + kc max
0≤j≤k−1
|Aj(se
iθ)|
1
k−j )ds.
Since Ak(z) is not a constant function and there exists a nonconstant function
among Aj(z), j = 0, · · · , k − 1,
|f(reiθ)| ≤ C(2 max
0≤x≤r
|Ak(xe
iθ)|) exp
∫ r
0
(2kc max
0≤j≤k−1
|Aj(se
iθ)|
1
k−j )ds
for sufficiently large r > r1. Since |Aj(re
iθ)| ≤ φ
1
2 (r)/r, r > r0, we have
|f(reiθ)| ≤ 2CD
φ
1
2 (r)
r
exp
(
2kc max
0≤j≤k−1
∫ r
R
(
φ
1
2 (s)
s
)
1
k−j ds
)
for r > R = max{r0, r1, 1}, where
D = exp
∫ R
0
(2kc max
0≤j≤k−1
|Aj(se
iθ)|
1
k−j )ds.
Since
max
0≤j≤k−1
∫ r
R
(
φ
1
2 (s)
s
) 1
k−j
ds ≤ φ
1
2 (r)
∫ r
R
s−
1
k ≤ φ
1
2 (r)
k
k − 1
r1−
1
k ,
we have
|f(reiθ)| ≤ D1
φ
1
2 (r)
r
exp
(
D2φ
1
2 (r)r1−
1
k
)
, R < r <∞,
where D1 = 2CD and D2 = 2kc
k
k−1
. Since φ is in the class I and Lemma 2.6,
there exists R′ > 0 such that φ(r) > r2 for r > R′. Since f(z) is an entire function,
by using Lemma 2.5,
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‖f‖p
F
p,q
φ
=
∫
C
|f(z)|pe−pφ(z)φq(z)dm(z)
≤M
∫
|z|≥R1
|f(z)|pe−pφ(z)φq(z)dm(z)
≤M
∫ 2pi
0
∫ ∞
R1
(
D1
φ
1
2 (r)
r
exp
(
D2φ
1
2 (r)r1−
1
k
))p
e−pφ(r)φq(r)rdrdθ
≤MDp1
∫ 2pi
0
∫ ∞
R1
(
φ
p
2
+q(r)
rp−1
exp
(
p(D2φ
1
2 (r)r1−
1
k − φ(r))
))
drdθ
≤ 2piMDp1
∫ ∞
R1
(
φ
p
2
+q(r)
rp−1
ep(D2φ
1
2 (r)r1−
1
k−φ(r))
)
dr,
where R1 = max{R,R
′}. Since D2r
1− 1
k − φ
1
2 (r) < −1, when r > R1. Thus
‖f‖p
F
p,q
φ
≤ 2piMDp1
∫ ∞
R
(
φ
p
2
+q(r)
rp−1
e−pφ
1
2 (r)
)
dr <∞.
Therefore, f ∈ F p,qφ . 
5. Proof of Theorems 1.4 and Theorem 1.5
Proof of Theorem 1.4. By (1),
‖Ak‖p =
(∫
C
|(f (k)(z) + Ak−1(z)f
(k−1)(z) + · · ·+ A0(z)f(z))e
− 1
2
|z|2|pdm(z)
) 1
p
≤
(∫
C
|f (k)e−
1
2
|z|2|pdm(z)
) 1
p
+ · · ·+
(∫
C
|A0fe
− 1
2
|z|2|pdm(z)
) 1
p
≤ ‖f (k)‖p + |Ak−1|‖f
(k−1)‖p + · · ·+ |A0|‖f‖p
≤ C(‖f (k)‖p + ‖f
(k−1)‖p + · · ·+ ‖f‖p),
where C = maxi≤k−1{|Ai|}. Since there exists a solution f ∈ F
p,k, we get Ak ∈
F p. 
Proof of Theorem 1.5. Using (1), we obtain
|A0(z)| ≤
∣∣∣∣Akf
∣∣∣∣ +
∣∣∣∣f (k)f
∣∣∣∣+ · · ·+
∣∣∣∣A1f ′f
∣∣∣∣.
By Lemma 2.4, for α > 1, there exist sufficient large r1 and a set W of measure
zero such that∣∣∣∣f (j)(reiθ)f(reiθ)
∣∣∣∣ ≤ C
(
T (αr, f)
logα r
r
log T (αr, f)
)j
, j = 1, · · · , k,
for r > r1 and θ ∈ [0, 2pi)\W , where T (αr, f) = log
+M(αr, f) and M(αr, f) is
the maximum of |f(αreiθ)| at θ ∈ [0, 2pi). By the condition of Theorem 1.5, there
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exists a solution f(z) such that for sufficient large r2,
T (αr, f) = log+M(αr, f) ≤ log ee
αr
= eαr,
for r > r2. Thus
|A0(re
iθ)| ≤
∣∣∣∣Ak(reiθ)f(reiθ)
∣∣∣∣+ C
[
(eαr
logα r
r
αr)k + · · ·+ |A1(re
iθ)|eαr
logα r
r
αr
]
,
for r > R = max{r1, r2} and θ ∈ [0, 2pi)\W . Since A0(z) is an entire function,
using Lemma 2.5,
‖A0‖
p
F
p,q
er
=
∫
C
|A0(z)|
pe−pe
|z|
(z)eq|z|dm(z)
≤ D
∫ 2pi
0
∫ ∞
R
|A0(re
iθ)|pe−pe
r
(z)eqrrdrdθ.
It follows that
‖A0‖
p
F
p,q
er
≤ D
∫ 2pi
0
∫ ∞
R
|
Ak(re
iθ)
f(reiθ)
|pe−pe
r
(z)eqrrdrdθ +Dk
∫ 2pi
0
∫ ∞
R
(αeαr logα r)pkeqr
eper
rdr
+ · · ·+D1
∫ 2pi
0
∫ ∞
R
|A1(re
iθ)|p
(αeαr logα r)peqr
eper
rdrdθ.
Since p ≥ 1, ∫ 2pi
0
∫ ∞
R
(αeαr logα r)pkeqr
eper
rdr <∞.
Since Ak(re
iθ)
f(reiθ)
∈ F p,qer ,∫ 2pi
0
∫ ∞
R
|
Ak(re
iθ)
f(reiθ)
|pe−pe
r
(z)eqrrdrdθ <∞.
Since Aj(z) belong to F
p
1
2
er
, j = 1, · · · , k − 1,∫ 2pi
0
∫ ∞
R
|Aj(re
iθ)|p
(αeαr logα r)jpeqr
eper
rdrdθ ≤
∫ 2pi
0
∫ ∞
R
|Aj(re
iθ)|pe−
p
2
errdrdθ <∞.
Therefore, A0(z) ∈ F
p,q
er . 
6. Proof of Theorems 1.6 and Theorem 1.7
Proof of Theorem 1.6. Let f be any solution of (2), then
f ′(z) = −
∫ z
0
f(ζ)A(ζ)dζ + f ′(0), z ∈ C.
If g satisfies the reproducing formula, g ∈ F 2φ . Since f is an entire function, there
exists a finite Taylor expansion f(z) =
∑∞
j=0 ajz
j such that fn =
∑n
j=0 ajz
j ∈ F 2φ .
Therefore,
f ′(z) = −
∫ z
0
lim
n→∞
fn(ζ)A(ζ)dζ + f
′(0), z ∈ C.
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By the reproducing formula and Fubini’s theorem, for φ in the class I, we get
f ′(z) = −
∫ z
0
(
lim
n→∞
∫
C
fn(η)Kζ(η)e
−2φ(η)dm(η)
)
A(ζ)dζ + f ′(0)
= −
∫
C
lim
n→∞
fn(η)e
−2φ(η)
( ∫ z
0
Kζ(η)A(ζ)dζ
)
dm(η) + f ′(0), z ∈ C.
Since Kζ(0) = Σ
∞
n=0en(ζ)en(0) = δ
−2
0 , and using Lemma 2.7, we get
f ′(z) = −
∫
C
lim
n→∞
f ′n(η)
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−2φ(η)dm(η)−
lim
n→∞
fn(0)
( ∫ z
0
Kζ(0)A(ζ)dζ
)
+ f ′(0)
= −
∫
C
f ′(η)
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−2φ(η)dm(η)−
f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
+ f ′(0), z ∈ C.
It follows that
|f ′(z)|e−φ(z) ≤ sup
η∈C
{
|f ′(η)|e−φ(η)
}
|
∫
C
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−φ(η)dm(η)|e−φ(z)
+ |f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−φ(z) + |f ′(0)|, z ∈ C.
Then, we get
‖f ′‖F∞
φ
≤ ‖f ′‖F∞
φ
sup
z∈C
{
|
∫
C
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−φ(η)dm(η)|e−φ(z)
}
+ sup
z∈C
{
|f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−φ(z)
}
+ |f ′(0)|
Thus
‖f ′‖F∞
φ
(
1− sup
z∈C
{
|
∫
C
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−φ(η)dm(η)|e−φ(z)
})
≤ sup
z∈C
{
|f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−φ(z)
}
+ |f ′(0)|
If ‖f ′‖F∞
φ
=∞, it contradicts the condition of Theorem 1.6. Therefore,
‖f ′‖F∞
φ
≤
1
1−XK(A)
(
sup
z∈C
{
|f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−φ(z)
}
+ |f ′(0)|
)
<∞
and f ′ ∈ F∞φ . 
Proof of Theorem 1.7. By the proof of Theorem 1.6, we get
f ′(z) = −
∫
C
f ′(η)
(∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−2φ(η)dm(η)−
f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
+ f ′(0), z ∈ C.
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It follows that
|f ′(z)|e−
1
2
|z|2 ≤ ‖f ′‖∞|
∫
C
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−2φ(η)+
1
2
|η|2dxdy|e−
1
2
|z|2
+ |f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−
1
2
|z|2 + |f ′(0)|, z ∈ C.
Then, we get
‖f ′‖∞ ≤ ‖f
′‖∞ sup
z∈C
{
|
∫
C
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1 + φ′(η))−2e−2φ(η)+
1
2
|η|2dm(η)|e−
1
2
|z|2
}
+ sup
z∈C
{
|f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−
1
2
|z|2
}
+ |f ′(0)|
Thus
‖f ′‖∞
(
1− sup
z∈C
{
|
∫
C
( ∫ z
0
K ′ζ(η)A(ζ)dζ
)
(1+φ′(η))−2e−2φ(η)+
1
2
|η|2dm(η)|e−
1
2
|z|2
})
≤ sup
z∈C
{
|f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−
1
2
|z|2
}
+ |f ′(0)|
If ‖f ′‖∞ =∞, it contradicts the condition of Theorem 1.7. Therefore,
‖f ′‖∞ ≤
1
1− YK(A)
(
sup
z∈C
{
|f(0)
( ∫ z
0
δ−20 A(ζ)dζ
)
|e−
1
2
|z|2
}
+ |f ′(0)|
)
<∞
and f ′ ∈ F∞. 
7. Proof of Theorems 1.8
Proof of Theorem 1.8. By the proof of Theorem 1.6, we get
f ′(z) = −
∫
C
lim
n→∞
fn(η)e
−2φ(η)
( ∫ z
0
Kζ(η)A(ζ)dζ
)
dm(η) + f ′(0)
= −
∫
C
f(η)e−2φ(η)
( ∫ z
0
Kζ(η)A(ζ)dζ
)
dm(η) + f ′(0), z ∈ C.
Since the condition of Theorem 1.8 satisfies Lemma 2.8, we get
‖f‖2F 2
φ
≤ C
(
|f(0)|2 +
∫
C
|f ′(z)|
e−2φ(|z|)
(1 + φ′(|z|))2
dm(z)
)
≤ C
(
|f(0)|2 +
∫
C
|
∫
C
f(η)e−2φ(η)
( ∫ z
0
Kζ(η)A(ζ)dζ
)
dm(η)|
e−2φ(|z|)
(1 + φ′(|z|))2
dm(z)+
|f ′(0)|
∫
C
e−2φ(|z|)
(1 + φ′(|z|))2
dm(z)
)
, z ∈ C.
By Lemma 2.8, we get ∫
C
e−2φ(|z|)
(1 + φ′(|z|))2
dm(z) ≤ C‖z‖2F 2
φ
.
14 G. M. HU AND J.-M. HUUSKO
Using Lemma 2.6, it is easy to get that there exists a positive number M such
that ‖z‖2
F 2
φ
< M . Therefore,
‖f‖2F 2
φ
≤ P + ‖f‖2F 2
φ
sup
η∈C
∫
C
( ∫ z
0
Kζ(η)A(ζ)dζ
) e−2φ(|z|)
(1 + φ′(|z|))2
dm(z)
where P = C(|f(0)|2 + |f ′(0)|CM). Then
‖f‖2F 2
φ
(
1− sup
η∈C
∫
C
( ∫ z
0
Kζ(η)A(ζ)dζ
) e−2φ(|z|)
(1 + φ′(|z|))2
dm(z)
)
≤ P.
If ‖f‖2
F 2
φ
=∞, it contradicts the condition of Theorem 1.8. Therefore,
‖f‖2F 2
φ
<
P
1− ZK(A)
<∞
and f ∈ F 2φ . 
8. Acknowledgements
The first author would like to thank Department of Physics and Mathemat-
ics, University of Eastern Finland, for providing a good environment during the
preparation of this work. We also thank the referees for many important and
useful comments.
References
[1] V. Bargmann, On a Hilbert space of analytic functions and an associated
integral transform, Part I, Commun. Pure Appl. Math. 14 (1961), 187–C214.
[2] V. Bargmann, On a Hilbert space of analytic functions and an associated
integral transform, Part II Comm. Pure Appl. Math. 20 (1967), 1–101.
[3] D. Benbourenane and L. Sons, On global solutions of complex differential
equations in the unit disk. Complex Var. Theory Appl. 2004, 49(49):913-925.
[4] C. Berger and L. Coburn, Toeplitz operators and quantum mechanics, J.
Funct. Anal. 1986, (68):273-299.
[5] C. Berger and L. Coburn, Toeplitz operators on the Segal-Bargmann space,
Trans. Amer. Math. Soc. 1987, 307: 813-829.
[6] T.-B. Cao and H.-X. Yi, The growth of solutions of linear differential equa-
tions with coefficients of iterated order in the unit disc, J. Math. Anal. Appl.
2006, 319(1):278–294.
[7] Z.-X. Chen and K. H. Shon, The growth of solutions of differential equations
with coefficients of small growth in the disc, J. Math. Anal. Appl. 2004,
297(1):285–304.
[8] Z.-X. Chen and L.-P. Xiao, Differential equations with coefficients of slow
growth in the unit disc, Anal. Appl. 2009, 7(02):213–224.
LDES WITH SOLUTIONS IN WEIGHTED FOCK SPACES 15
[9] H. Choe and K. Zhu, Fock-Sobolev spaces and their Carleson measures, J.
Funct. Anal. 2012, 263(8): 2483–2506.
[10] I. Chyzhykov, G. Gundersen and J. Heittokangas, Linear differential equa-
tions and logarithmic derivative estimates, Proc. London Math. Soc. 2003,
86(86):735–754.
[11] O. Constantin, J. Pela´ez. Integral operators, embedding theorems and a
Littlewood-Paley formula on weighted Fock spaces. J Geom Anal. 2016, 26:
1109–1154.
[12] E. Fischer, Uber die differentiatensprozesse der algebra, J. Math. 1917. 148
:1?78.
[13] V. Fock, Verallgemeinerung and losung der Diracshen statistischengleichung,
Z. Phys. 1928, 49: 339–357.
[14] J. Gro¨hn, New applications of Picard’s successive approximations, Bull. Sci.
Math. 2011, 135(5):475–487.
[15] J. Gro¨hn, J.-M. Huusko and J. Ra¨ttya¨, Linear differential equations with
slowly growing solutions, to appear in Trans. Amer. Math. Soc.
[16] G. Gundersen, Estimates for the logarithmic derivative of a meromorphic
funtion, plus similar estimates. J. London Math. Soc. 1988, 37: 88–104.
[17] J. Heittokangas, R. Korhonen, and J. Ra¨ttya¨, Fast Growing Solutions of
Linear Differential Equations in the Unit Disc, Results Math. 2006, 49(3-
4):265-278.
[18] J. Heittokangas, R. Korhonen, and J. Ra¨ttya¨, Growth estimates for solutions
of linear complex differential equations, Ann. Acad. Sci. Fenn. Math. 2004,
29(29):233–246.
[19] J. Heittokangas, R. Korhonen, and J. Ra¨ttya¨, Growth estimates for solutions
of non-homogeneous linear complex differential equations. Ann. Acad. Sci.
Fenn. Math. 2009, 34(1):145–156.
[20] J. Heittokangas, R. Korhonen, and J. Ra¨ttya¨, Linear differential equations
with coefficients in weighted Bergman and Hardy spaces, Trans. Amer. Math.
Soc. 2008, 360(2):1035–1055.
[21] J. Heittokangas, R. Korhonen, and J. Ra¨ttya¨, Linear differential equations
with solutions in the Dirichlet type subspace of the Hardy space, Nagoya
Math. J. 2007, 187(887):91–113.
[22] J. Heittokangas, On complex differential equations in the unit disc, Ann.
Acad. Sci. Fenn. Math. Diss. 2000, 122(122):1–54.
[23] Z. J. Hu, Equivalent norms on Fock spaces with some application to extended
Cesaro operators, Proc Amer Math Soc. 2013, 141: 2829–2840.
16 G. M. HU AND J.-M. HUUSKO
[24] J.-M. Huusko, T. Korhonen, A. Reijonen, Linear differential equations with
solutions in the growth space H∞ω , Ann. Acad. Sci. Fenn. Math. 2016,
41(1):399–416.
[25] R. Korhonen and J. Ra¨ttya¨, Linear differential equations in the unit with
analytic solutions of finite order, Proc. Amer. Math. Soc. 2007, 135(5):1355–
1363.
[26] I. Laine, Nevanlinna Theory and Complex Differential Equations, Walter de
Gruyter, Berlin 1993.
[27] H. Li, H. Wulan, Linear differential equations with solutions in the QK
spaces, J. Math. Anal. Appl. 2011, 375(2):478–489.
[28] J. Pela´ez, and J. Ra¨ttya¨, Weighted Bergman spaces induced by rapidly in-
creasing weights, Mem. Amer. Math. Soc. 2012, 227(1066):124.
[29] Ch. Pommerenke, On the mean growth of the solutions of complex linear
differential equations in the disk. Complex Var. Theory Appl. 1982, (1):23-
38.
[30] J. Ra¨ttya¨. Linear differential equations with solutions in Hardy spaces, Com-
plex Var.Elliptic Equ. 2007, 52(9):785–795.
[31] K. Zhu, Analysis on Fock Spaces. Springer US, 2012.
Guangming Hu
School of Mathematics and Systems Science, Beihang University, Beijing, 100191,
P. R. China.
E-mail address : 18810692738@163.com
Corresponding author∗
Department of Physics and Mathematics, University of Eastern Finland, P.O.Box
111, FI-80101 Joensuu, Finland
E-mail address : juha-matti.huusko@uef.fi
